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PREFACE 


Rigid Motion covers a section of the First B.Sc. Mathematics 
Syllabus of the Bangalore University. An earnest attempt has 
been made here to collect the materials from a host of source 
books, —each making a passing reference to Rigid Motion and 
dealing with it according to its own convenience, —and to put 
them into the framework of a text book. The simultaneous 
presentation of the subject-matter in English and Kannada is 
an additional feature of this book. 


| acknowledge with deep gratitude the continuous guidance 
and help I have received from Prof. F. J. Noronha, Head of the 
Department of Mathematics in the Bangalore University and 
Dr C. N. Srinivasiengar, Retired Professor of Mathematics. 
They have literally led me across unknown paths, made me known 
to friends whom IT knew not and helped me shape new ideas and 
approaches. I bow to them in deep reverence. 


I thank the authorities of the Bangalore University and in 
particular Dr R. S. Mugali, Chairman of the Kannada Text Book 
Committee, for asking me to write this book. 


Sri V. R. Phaneendra Simha, M.Sc., has done a good job in 
reading the proof sheets. Sri S. R. Patil has translated the ideas 
into figures. As usual the Bangalore Press have done an excellent 
job in printing the abstract language of science in an attractive 
and elegant way. I appreciate their good work and thank them 
sincerely. 


t College 
——e 6 G. T. NARAYANA RAO 
25 May 1969 
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RIGID MOTION 
a Awdos 


1 FUNDAMENTAL CONCEPTS 


1.1 Point, straight line, plane 


We understand the meaning of these words intuitively. They 
cannot be defined precisely. Such words are called undefined 
words. New concepts are defined in terms of undefined 


words. 


1.2 Space 


We consider space as a set S. The elements of S are points. 
If the set of straight lines is Z and the set of planes is Pthen L C S, 
PCS. All straight lines and planes are sets of points. 


“A point x lies on a line /”’ is symbolically written x€/. 
“A line / lies ona plane p”’ is symbolically written / C p. 


‘Two straight lines / and m intersect at the point x” is 
symbolically written 


1 m= {x|xel, xem}. 


| “ The intersection of two planes p and q is a straight line /”” 
is symbolically written 


Ppii¢g=({(l|lC pic ¢}. 


1.3 Geometrical figure 


A set of points in the space S$ constitutes a geometrical figure. 


We are familiar with plane geometrical figures like a triangle, 
circle, quadrilateral, etc. 
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1.4 Axioms 


An axiom is an initial proposition which is assumed to be 
true. A set of undefined words connected to express a concept 
forms an axiom or a postulate. We shall now state the postu- 


lates that are necessary in the present context. 


Postulate 1. Given any two different points there is one 
and only one straight line containing them. 


If x and y are the two points (x # y) contained by the line 
| and m is any other line, according to this postulate x, y « /; both 


x,y EM. 


Postulate 2. A coordinate system can be fitted into every 
straight line. This is called the ruler postulate. 


According to this postulate 


(a) to every real number there corresponds one and only one 
point on the straight line; 


(b) to every point on the straight line there corresponds one 
and only one real number: and 


(c) the distance between the two points on the straight line 
is the absolute value of the difference of the corresponding real 
numbers. 


Let two points A and B lie on the straight line /. Then 
A,B € |. Let the coordinates of A and B in a coordinate 
system be x,, x, When 4 +B, x, #xX,. Further, A@ x, 
B<x,. The distance AB then is |x, —x,]. It is written 
d(A, B)=| x, — x, |. 


Postulate 3. Given any two different points A. and B on a 
straight line /, it is possible to fit a coordinate system into / such 
that the coordinate of A is zero and that of B is positive. This 
is called the ruler replacement postulate. 
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1.5 Betweenness 


Let any three different points A, B, C lie on the straight line 
1. Let their coordinates be respectively 0, x, y (x, y>0). Then 
d(A, B)=x, d(A, C)=y. If x>y then d(A, By a (A, 
In this case C is between A and B. If x<y then d(A, B) 
< d(A,C). Inthis case Bis between A andC. It may be added 
that the concept of betweenness relates to three collinear points 
only. Symbolically B (ABC) means, of the three collinear points 
A, B, C the point B lies between A and C. 


1.6 Straight line, segment of a straight line 


Let / be a straight line. Let A and B be two points on it. 
A,B € I. The portion of the straight line lying between A and B 
ae 


is called the segment of /. It is written AB. By a ray AB we 
mean the set of points X¥ on / such that A is not between B and 


—> 
X or between X and B. In other words the ray AB consists of 
all points of / starting from A and proceeding towards and beyond 
B to infinity. If C is a point on / such that A is between C and 
B, i.e., B(CAB), then the rays AB. AC are in opposite directions. 
They are called opposite rays. 


' t 
SS 
Cc A 8 
Fig. 1.1 


1.7 Convex sets 


A set E is called convex if for every two points P and Q of 
£ the entire segment PQ lies on E. 
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‘Fig. 1.4 Fig. 1.5 


It is easy to see that figures 1.2 and 1.3 represent convex 
sets whereas the sets in figures 1.4 and 1.5 are not convex sets. 


1.8 QOne-one correspondence 


Consider the two sets A = {a, b, c, d} and B = (1, 2, 3, 4}. 
Since the number of elements in each is the same a correspon- 
dence can be established in which to every element of A there 
corresponds one and only one element of B and conversely to 
every element of B there corresponds one and only one element 
of A. For example, a@ 3,b@ 1, c@ 4, d@2 and this exhausts 
the list. Such a relationship between the elements of A and B 
is called a one-one correspondence. It is written (i, 1) correspon- 
dence. There can be no (1, 1) correspondence between the ele- 
ments of the sets 4 = {a, b, c, d} and C= {5,6} since the 
numbers of elements in A and C are different. 
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1.9 Transformation 


Consider two different sets X and Y. Let xEX, ye Y. If 
there is an operation which transforms X into Y, then accord- 
ing to the rule of that operation for each x there should corres- 
ponday. If this transformation is symbolically indicated by 
T, we may write 7:X— Y. This means a transformation T 
operates on X and gives Y; or the result of the operation of T 
on X is Y. It may be observed that there are three elements 
here (7, X, Y). We may therefore say that in any mathematical 
operation there are at least three elements: 


(a) the symbol that operates—operator (T) 

(b) the function that is operated upon—operand ( X) 

(c) the function that results as a consequence of this opera- 
tion—transformant (Y) 
Example 


Men ee 
(i) x (sin x) = cosx 


(ii)axb=c 
In these examples the operators are respectively cs and 
Xx; the operands are sin x and a, b; the transformants are cos x 
and c. 


The process in which one function is transformed into 
another function is called a transformation. 


Exercise 1.1 


1 If / and m are two intersecting straight lines (a) what is 
I1qQ.m? (b) What is 1U m? 


2 A Coordinate system is set up on a given straight line. 
What is the distance between the following pairs of points: 

4; —4 3; 3, —5; eee ~3;3 See? 

3 Show that if the distance between any two given points 
on 4 given straight line measured in two different coordinate 


systems is the same constant then the coordinate systems are 
identical. 
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rome Bor (i) = (sin x) = cos x 
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4 Show that of any three given points on a given straight 
line one and only one point lies between the other two. 


5 Given B(ABC), B(BCD) to be true prove the following: 


(a) B(CBA) is true. 
(b) B(ABD) and B(ACD) are true. 


6 If four collinear points A,, Ay, As, A, are denoted in such a 
way that B(A, A, A,) is true prove thati< j<k or i>j>k. 


7 Find the transformant of the equation 
5x? — 6xy + Sy? + 22x — 26y + 29 =0 


by the transformation equations x= X—1 and y= Y +2. 
Show that in this transformation for every x, y there is a unique 
X, Y and that the distance between any two-points in the xy- 
system is equal to the distance between the corresponding points 


in the X Y-system. 
8 Find the transformant of the. equation 
9x? + 24xy + l6y* — 44x + 108y — 124=0 


by the transformation equations 5x = —(4¥ + 3Y) and 
Sy = 3X —4Y. Show that in this transformation also the dis- 
tance between any two points in the two systems remains the 
same. 


1.10 Mapping 


Consider the relationship y = f(x). Here y is a one-valued 
function of x. That is, for every value of x there is one and only 
one corresponding value of y. The converse of this statement 
need not be valid, i.e., a value of y may have more than one value 
of x corresponding to it. What is the significance of the symbol 
f used in this relationship ? 


y=f(x) is the abbreviated and symbolic form of some 
relationship that is existing between » and x. f contains this 
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abbreviating property. Therefore two different expressions 
ax? + bx +c and sinx + e* are written f(x), (x), (4 @ are 
different symbols) and not both f(x) or ¢ (x). We may therefore 
say that in the relationship y=/f (x), 4 is the symbol for 
transforming x into y. This transformation is called a mapping: 
y is the mapping of x byf. Iny= sin x, the mapping of x by 
sine is y. We also say that in the relationship y =f (x) the 
image of x with respect to f is y. Mapping is symbolically 
written (§ 1.9) 


y ee Go 


The meaning of this symbolic statement is as follows: There 
is a transformation 7; the mapping of X into Y is with respect 
to this transformation T. 


There are three distinct types of -mapping. 


(1) Injective mapping or mapping into. T is an injective 
mapping or mapping of X into Y if all elements of Y are not involvy- 
ed in the relationship T: X — Y, i.e., there is at least one element 
of Y which is not the image of any element of Y. 


Example 


X is the set of real mumbers. Y is the interval 
(—2, 2). Tis defined by y = sinx where x€ X¥ and y€ Y. We 
know that —1 <sinx <1. Hence there are elements of ¥ 
which are not equal to sinx. (As an exercise the student may 
identify these values of Y). Hence T: X > ¥ is in this case a 
mapping of X into ¥ (or an injective mapping). 


(2) A surjective mapping or mapping onto. In this case 
every element of Y is the image of some member of X¥. The 
mapping covers the entire set Y. 
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Example 


y is the set of real numbers. Y is the interval 
(—1, 1). Tis defined by y = sin x, x€ X, y€ Y. The reader can 
verify that every element of Y is the image of some element of YX. 


A 


if we denote by T(X) the set of all values for x€ X then the 
mapping is onto if T(X) = Y. if T(X) cY and 7 (X)+ Y then 
the mapping is into. 


(3) A bijective or one-one onto mapping. \n this case 
the mapping is onto and each value of y is the image of one 
and only one value of x. In other words T(x,) = T (x») implies 
Xj = Xo. 


Example 


X is the set of real numbers. Y is the set of real 
numbers. T is defined by the equation y= 4x-++ 5. The student 
-should verify that this is a(1, 1) mapping. 


4x, +5=4%,+5>%, =X 


Again, when JT stands for sine, the relationship y = sin x 
can be written 


sine: x —>y 


Its meaning: there is a transformation sine; the mapping of 
x into y is with respect to this transformation sine. 


Let X and Y be any two sets. When we say that/f is the 
mapping of XY into Y or symbolically write f: X¥ — Y the implied 
<oncept is as follows. Let x€X, y€ Y; fis the rule that prescribes 
one and only one value of y for every value of x. Here vy = f(x). 
For x€¥ there is one and only one value of y (ye ¥). There need 
not be one and only one value of x for ye Y. (Example: y = sin x, 
y=ax*+bx-+c). In the .special case where the converse 
relation also holds good (e.g., as in y= 4x + 5) we say there 


B guos 8 
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Rosine wows nes. T obey, y= 4x + 5 ROWBCLOH aa,2,20 
Z.e8. at wows (1,1) Bs ,comanSavows ADAGr Hoes x 
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Das, T cho sine 32, HoseSmadon y = sin x HowoPser, 
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Dota mIosestaon wdonsen SBIIOADD Wenes BMo,: 
xEex. pEY encod; B, 8032009 X TAM WODS ae us De, 
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is a (1, 1) correspondence between XY and Y and we write it 
Xe Y. 


1.11 Halfplanes 


Postulate 4. Given a line / anda plane p containing it. The 
points of the plane that do not lie on the line form two convex sets 


Fig. 1.6 Fig. 1.7 


a a ee 
—VXwOK 


such that if P is on one set and Q is on the other, the segment 
PQ intersects | (Fig. 1.6). The two sets into which / separates 
p are called halfplanes. p, and p, are the halfplanes of p. 
Therefore p, U p,=p. If P and Q lie on the same halfplane 
(Fig. 1.7) they are said to be on the same side of J. In this case 
the segment PO does not intersect /. If P and Q lie on different half- 
planes then PQ intersects / (Fig. 1.6) and we say that P and Q lie 
on opposite sides of /. This is called the plane separation postulate. 
lis the edge of either of the halfplanes p,, ps. py Nps =i. 


BS GWox 9 


DEKE owosxp VVIOAHS Dex 
C, 1) Baomed? a2 82,303. (wmesd 
XY dom wWoans a3. 


Rodwrd® X,Y nee 
By=4x+5). ads, 


lll) SF xRxosOReD 


R34, 4. wods Adddes3 / Bod, Vw, weRsoBvs 
AWSO p BZ aod. /3 dred 0B p Wo Vom oda we», 


Q 
PF; 


Rends, 38025,5. P Wot) BoG wom nAeodPodon, 


Q wom ads,om Raddeho ad8 FQ dsrarmody 1d, 
BeQx03,8 (83, 1.6). 1 Qod &EA AMoNAv0’ poh ade 
neangar, BArADISONV Noro FIWs, (05. VB 008, p, Nd, 
Poy PHAMWSBOD OGFAMSZONG.. pi Upe=p. P mo, Q n¢o 
wode SGrAmsODOG 5 (8S, 1.7) VY /9 wowe HOF FAS 
oo 2.e8. o oBYraO PQ desd0Bx) / dd BeaAVOa®. 
p oa Qreo 3 wed SArAnISONTOGS (Ws, 1.6) wn 
PO demododa / , Pramvm. & AodgrdgQ P, Qnw/ls 
ndneg Dos FAVOS nw, 3,48. ads, BHO BeAr soso 
QS. 8,8 VGrAdwso p, MB, pad 
7 3A, 8 Boos BS Od999) ¥ 
worl. Dp  pa=!. 


10 RIGID MOTION 


1.12 Angle 
An -angle is the union of two rays which have the same 


endpoint but do not lie in the same line. The two rays are called 
the sides of the angle and the common endpoint is called the 


> a 
vertex. The angle which is the union of AB and AC is denoted 
by ZBAC or by /CAB or simply by /A if it is clear as to 
which rays are meant. 


Let / BAC be an angle lying in the plane p. Let P be any 
point of p. If the position of P be such that (i) P and Bare on 


—> 
the same side of the ray AC and (ii) P and C are on the same 


— 
side of the ray AB then P is said to lie in the interior of the angle 
BAC. The exterior of the angle BAC is the set of all points of 
P that do not lie in the interior and do not lie on the angle 
itself. 


Tuteriov 
°P 


Cc , a 
Exterior 
R > 


Exterior .. 


et 


Fig. 1.8 


1.13 Measurement of an angle 


Postulate 5. To every angle BAC there corresponds a real 
number between 0 and 180. This is called the angle measure- 
ment postulate. The number specified by this postulate is called 
the measure of the angle and written m 7 BAC. If the number 
Is r we say m ZBAC =r° (r degrees). 
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ze 
Postulate 6. Let AB be a ray on the edge of the halfplane 
p,. For every number r between 0 and 180 there is exactly one 


ray AP with P in p, such that m 7 PAB=r. This is called the 
angle construction postulate. 


Fig. 1.8 (a) 


Postulate 7. If P is a point in the interior of BAC then 
m Z BAC=m /BAP +mZPAC. This is called the angle 
addition postulate. 


1.14 Triangle 


If A, B, C are any three noncollinear points then the 
union of the segments 4B, BC, CA is called a triangle and 
is denoted by AABC. AABC=BCU CAU AB. The points 


A, B, Cc are called its vertices and the segments AB, BC, CA are 
called its sides. Every triangle determines three angles: AABC 
determines / BAC, / CBA, / ACB. 


An alternative definition for a triangle can be given as follows. 
A, B, C are any three noncollinear points in the plane p. 


The segments 4B, BC, CA divide it into six halfplanes. Let p, 
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denote the halfplane determined by BC and containing 4; simi- 


; <> a 
larly p, and p. denote the halfplanes determined by CA and AB 


and containing B and C respectively. The common part of these 


halfplanes p,, Pp, Dp, is called the triangle ABC. Therefore 
AABC = Pp, NP; N Pe 


1.15 Congruence 


We say two straight lines of equal lengths are congruent: 
two angles of the same measure are congruent; two triangles 
with congruent sides are congruent; two circles of equal radii 
are congruent; and so on. The basic idea underlying these 
assertions is that in each case one figure can be moved ina suit- 
able way and brought into complete coincidence with the 
other figure. a 


Before we state the axioms of congruence we shall introduce 
the equidistance relationship between a set of points. Here we 
deal with points lying in a given plane p. The formula 
E(A, B; C, D) is to be read as follows: The point A is just as far 
from the point B as the point C is from D; or d(A, B) = d(C. D). 
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Postulate 8. If E(A, A; C, D) then C = D. 
Postulate 9. E(A, B; B, A) is true. 


Postulate 10. If E(A, B; C, D) and E (A, B; F, G) then 
E(C, D; F, G) is true. 


The”student can draw convenient figures and grasp the full 
significance of the above three postulates. 


A ; Ae 


6 < 8° «< 


Fig. 1.10 


Consider the congruence of two triangles ABC, A’B’C’. 
Here d(A, B)=d(A’, B’); d(B, C)=d(B’, C’) and d(C, A) 
= d(C’, A’). Further mZA=m /A’'; mZB=m ZB’ and 
m/ZC=m ZC". In this basic idea of congruence we note 
that there is a (1, 1) correspondence between the vertices, viz., 
Ae A’, B&B’, C&C’ and also the distances between corres- 
ponding vertices are preserved. In Fig. 1.10 A@B’, BOC’, 
C< A’ is also a (1, 1) correspondence; but the distances are 
not preserved, viz., d(A, B)~d(B’, C’), d(B, C) # d(C’, A’) 
and d(C, A) #d(A’, B’). Hence this (1, 1) correspondence 
does not determine a congruence. 


If two geometrical figures F and F’ are congruent we write 
it FF’ (read F is congruent to F’), A few examples of 
congruence may be considered. 


(i) If E(A, B; C, D) then AB& CD. 


(ii) If m ZA =m ZB then (Ax /B. 
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(iii) If in two A*ABC and DEF 
(a) all sides are congruent, or 
(b) two corresponding sides and the included angles 
are congruent; or 
(c) a pair of corresponding sides and the angles at 
their ends are congruent, then 
A ABC = ADEF. 
(iv) Two circles of equal radii are congruent. 
(v) In the same circle (or in two congruent circles) arcs sub- 
tending congruent angles at the centre are congruent. 


It is now possible to understand that congruence is a trams- 
formation. If figures F and F’ are congruent (F = F’) we may 
write it symbolically 

T: F>F' 
where T indicates the congruence. 


Worked-out Examples 


1 If two sides of a triangle are congruent then show thai 
the angles opposite to these sides are congruent. 


Proof 


Given AABC with AB AC. It is required to prove 
that “C= /B. Since AB = AC we have Ace AB: and 
the included angles 7A /A. 

AABC = A BCA 
LBoas LC 

2 If in two given triangles two angles and the included 

side of the first triangle are congruent to the corresponding ele- 


ments of the second triangle prove that the two triangles are con- 
gruent. 


Proof 
Given A‘ ABC and DEF with Z/Bq@w /E, ZCz /F 
and BC EF. It is required to prove that AA8C ~ ADEF. 


a guod 14 


Gil) ABC 8332, DEF dow ada 8 Facsned 
(q) &2Y mma ANrAdoeNG 8; wxae 
(b) Q20B VShdnd wowxdrede wa) weRno@sow 
HINA ADFADITNGS; wxave 
(c) Vom Bes Veodnd wemondn warns sod 
Avda soesnde ASrAD ANG 6, wn 
AABC = ADEF. 
(iv) ANS 3 wNPDS Peyoreh} 3) S,ne9 ROFADIDOAD. 
(Vv) woe 33,09 (eSBs NUR ANFAWA Snes) Flos, 
BE ROFAR SLINGS, OAD DOAN ANFADIDOAD. 
RABFASS,Q) wom NONSFS Ooms BN A bAwH ad. 
ma, F’ BE Sng ANFANIDONG,S (F ~ F’) SHA, ADose ss 
SOA T: FF’ dows ndohnmom. aQ T on AdrAMS Ww, 
RAWAR DOH. 


HIQAB WBN 


1 wom steeds add women Adrxmraond é 
es wane Hodo Saesnea ASFARTOAS dow. WHA. 


mG: A ABC ove AB~AC 88, LC= /B rods 
maQadesond. AB2LAC vrcrAjcdon AC ~ AB; 2, 
ad) weRAAWA Foesnw LA= ZA. 
* AABC = ABCA 
. LBaeZe 
2 ade 3 BRLINEY WORD DOB Beednw Dodo, BH 
Rea, BeeArs wows Fmavon Baw, 0Bd Bse DToshen 
aexeaene oS 3 BOKINY ARFADIDONSD Not AHA. 
Q 
maGe: ABC Bodo, DEF 3, BHLANYD BS, aonn. ag 
phase, LCe Le HS, BC2EF. AABC2ADEF 
Dow. moQawesona. ED adeae aoe8 di E, D) = d (B. A) 
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Fig. 1.11 


On the ray ED mark D’ such that d(E, D’)=d(B, A). 
Now d(B, C)=d(E, F) and ZBe& /E (given). Therefore 
AABC = AD'EF. 


so /BCA op LEP 
But 
ZLBCA = ZEFD (given) 
o> os 
*, FD and FD’ are the same ray. 
“ D=D' 
“. AABC & ADEF 


3 X={x|x a real number}, Y={y|y a real number}. 
T is defined by y = secx. Examine the nature of this mapping. 


Proof 


sec x>I1 and secx<—1. ‘Therefore secx does not 
take any value in the interval (—1, 1). There is therefore at 
least one element of Y which is not the image of any element of 
X. Hence this is an injective mapping or mapping info. 


4 If E(A, B; C, D) then prove that E (C, D; A, B). 
Proof 


By postulate 9, E(4,B;B, A) is true. -. E (A, B; B, A) 
and E(4, B; B, A) are true. By postulate 10, E (B, A; B, A) 


S gwos iS. 


8 < E 


Wy, 1.11 


VAGHes D’ Wow ss, Nydsssvdewo. Sr dB. C) =d(E, F) 
mH, ZB= ZE (83,). 85008 AABC~A D'EF. 


*, ZBCA ZEFD’. edd /BCA~ ZEFD (33,). 


= _> 
“. FD X32, FD’ wore soeanana. 
*. Da DP 
.. AABC = ADEF 
3 X={x|x wom 24,5 Kos, } 
Y = {y |» wows soa, N03, } 
T ofa, y = sec x dom 2, 3. AOONG. & 233 fad ROAvoO es, 
BOB OR. | 
Hass secx>!, Boss, secx<—1. WAO0G sec x, 
(— 1, 1) vo3dag ana Bsons, DBSWVAV. 8B 003 Xz 
rade rsvedd SB SVonRs YATADIA Yoo (FOs_H¥, ). 
20) Rmosaeddn aD ad. BB O00 ATIOBI Rous 
us09 YGne wWEAD t33 6d. 
4 E(A,B; C,D) endoaen E(C, D; A, B) adm, NOON. 
meas ASA os, 9 D070 E(A, B; B, A) d&dONB. 
- E(A, B; B,A), 2%, E (A, B; B,A) DwaoNes. 
4,3%,G, 10 dod «CE(B,A;B,A) dtaend. A dB, 
B ocaneds, egeowae mIo@iyGoor (A232 eS QB00R 
isos Ooms gnovoy) E(A, B; A, B) DBASAD Dod. 
geoin3.ea. E ‘A.B; C, D) awasom Bs, aend. E(A, B; A, B) 
_ 
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is true. Interchanging the points A and B (which does not affect 
the formula) we have E(A, B; A, 8B) is true. 


Given E(A, B; C, D) true. Since E(A, B; A, B) is true 
(proved) by postulate 10, E(C, D; A, B) is true. 


Exercise 1.2 


{ If two figures are each congruent to a third figure are 
they congruent to each other? 

2 Can a triangle be congruent to a square? Why? 

3 Are two adjacent faces of a cube congruent ? 

4 Prove that every equilateral triangle is equiangular. 

5 If in two given triangles all three pairs of corresponding 
sides are congruent prove that the triangles are congruent. 

6 Prove that the bisector of the vertex angle of an isosceles 
triangle is the perpendicular bisector of the base. 

7 IfE(A, B; C, D) and E(C, D; P, Q) aretrue show that 
E (A, B; P, Q) is true. 


8 Examine the nature of the mapping TJ defined by 
y= se — 3x +2. where X= {| x =a 2 3, “Ayan 
Poayty—0, 1; 226 


9 Examine the nature of the mapping 7 defined by 
y= V3x+2 
where 
A = {x | x= 079, 2 3}. Y= {y| » a real number}. 
10 Examine the nature of the mapping T defined by 
y= 3x — 1] 


avhere 


3 @wos 16 


QwaeNwaydood (woHs3) 4,89, 10 00%) E(C,D; A, B) 
QBWIIAS Now Sensor gas en. 


WBA 1.2 
L adds Ut sneg B sword sxadsob wot ¥8,aK 
SNF AR TONGS VY HCAS NaF AD TONSA ? 
2 wom 3 sodA womd Wee ANrAaoaendusde? 
QF? 
3 wom PA VT, HBG Q0B BOBNG AdrAdI.gIAD 
wae? 
4 B, 3089009 HrowWew 3 BRTAHP RBIFOe Oe ITAA 
20) WeOy. 
3 adm dz, 2 Focsneg Bo.Ad 223 SHdes wedonds 
SSFAR TONG 8 eg 3, FALING MBFADIBOBS AA. 
6 wom Anh ) OR 3 BLESS 8 onsAesa a) ae tad 
WIA Vow Q poussows AOA. 
1 Bea, 2: C, D mova, E(C. D; P, Q) Qwaena 6 
E(A,B; P,; Q) awsome AOA. 
8 & F8Nd BE,000 A ORBIT, BOBROA: 
ya xt—3x+2,T ord, 59,2, mAm. 
al X= {x lx= 1,2,3,4} soda, Y={y |» =0,1,2,6}. 
9 & Sens 83,00 A,CABSS, godeOn: pe V 3x42 
+ ode, a, D, AAT. aQ@ X= {x |x = 0, £52, 9}5- 
¥ ={y|y wows aoA,0 oad }. 
10 wsgNs 83,106 ABABA, oseOw: y= 3x—1 
T odd, 2, DAY ad X=ix lx woms wen, Bos, }; 
y = fy|y woos SOA,m Hoss, j. 
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2.1 Motion 
a™ 
A’ eX g* 
= t 3 
(es cem Se en ————$—$— 
A S A’ e. 
ge 
B* 
A 
t 
A’ 
(c) (d) 
Fig. 2.1 


A change in position is called motion. When a bird flies or 
a ball rebounds there is continuous change of position. There- 
fore we say the bird moves or the ball moves, etc. All motions 
are confined to two independent types only—translatory motion 
and rotatory motion. In figures (a) and (6) AB moves to A’B’ 
along a straight line. It moves to A’B” 
line. 


again along a straight 


Both these are translatory motions. Finally the straight line 
rotates about A” through and angle @ and occupies the position 


A’B™. This is rotatory motion. Thus asa result of these two 


notions—translatory and rotatory—AB moves from its original 


2 BRvos 
2.1 wo 
38 By SB ATTY MOS How Bond_es3. HS, open) 
2 Codon, wows ero, 8 Coan QdoSdaaA AQ 8 3, 3d, NavONd 
,HQm. VAdod Ks, BOA, wow) WOAD do, 3,5, 
QO Bodndn Teno ATH BS SNe nen DS, AEMBsaMaS— 
ROP tod Nd, YNIF won. 


8s, 2.3 


(a) Bad, (2) 3s, neo AB of) woms wovde Odo aed 
AB’ R BOAO. Dez wm adr, o> «Rdedesod aed 
ABR BOmDd. Ber 2339 wodned. Padsodoaon 

eo A” 3,08 6 SNRIHAD, eRerA A’B” A BIH, 
BDoTIA) Bd. oer AB Oooo ACY 393), emor woOny atid 
san Gd BLA, QOHoB eo8nvne® 3A'B” oda, BORDA. 
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position to the final position A’B”. Figures (c) and (d) show 
how an identical end-result can be achieved by effecting rotation 
first and translations next. 


2.2 Rigid bodies 


A number of particles put together constitute an object of 
a body. If the relative positions of the particles in a body are 
not affected by motion (translation and/or rotation) such a body 
is called a rigid body. in mathematics we take the concept of a 
body as a set of points. The set of points whose relative positions 
are not affected by motion—that is, transformation—is called 
a rigid body. Note that the physical motion is a transformation. 


2.3 Definition of Rigid Motion 


Let F and F’ be any two plane figures. Let {P} be the set 
of points on # and {/’} on F’. If there is a (1, 1) correspondence 
between the two sets {P} and {P’} and if the distance between any 
two points of F is equal to the distance between the correspond- 
ing points of F’, then we say there is a rigid motion between F 
eh It is symbolically written F = F’ (read as “‘ F is isometric 
to <h*?"y. 


Importing the idea of mapping into this definition, we may 
express it as follows: 


“ The rigid motion between F and F’ isa mapping f: F > Ff’. 
Here the symbol (or operator) f indicates a (1, 1) correspondence. 
Further for any two points P’and Q on F and the corresponding 
points P’ and Q’ on F’, d(P, Q) = d(P’, Q’).” In this case we 
may also write P’ = f(P), Q’ = f(Q). 


nT 


ee 


SB gwos 1& 


BBE Bomemwy, Sendo essr wos x3, soe BOINa, 
AOSCON Ser Reohnwer dowae, (c), (d) 82 Re> 
BEdADD. 


2.2 B Bure, ned 


BONO. Trans AdonWeos wow NA. wom xv, 0S. 
Fone WONG AD Ine wo soso 3, Ba, Aho’ O40 Y BAI, DS, 
B BAIR, Nd, 3,¢8. BO, Soo WSO aA BLO - DAV, 
HowWoRSR, HBAS. AessvesGQ Arr, awy,w aossey) 
BOdd Wotons neosoms seodnd 3. wedded wortohg 
MIST, AO SNe 2B, Sa ARE AW Nomone Ness, wom 
B,FsAo, DoW. FBR.wWMBAd. wWoOdehm now BOSFFS Yom 
RBDABS, wows B SrA, 08 NWomony Toe g, Ae Snes 
HOSSF Ao 3, Sd, AROGY VOY. 


2.3 B Peososs So, 3, 


F Sod, F’ Srade ade Amosoos snvanss. {P} Ode 
F SoeOdos Boman? NeosoAso; ede ocd {P’}, Fo sede 
Bomone reo. {P} soso, {P’} neange® woo (1,1) Browse 
23.8 sooo, F3 made adeo womony BBOs And F’S 
s@ans wobRy shoe dade, ssndaeng.s en Fm, 
F’ ne Sod wom 3, Bwzow BB Na, 8, tn. ANB, Noosese 
san FwF’ aos eyBosndes (bao Bro: F. FoR 
ORO 23083, FF - RRDSRIOT—VAB). 


> 3595 84 23 f00 Wenner, BWeohn BOS, men ne 
eas: “SF modo, F’ RY BBO 3 Beso sor f: FoF’ dow 
won) WS, fe. a® f now Roses (VAN SOTMF) wom (i, 1) 
Zrowoase woe, BAwRwa.. Ws,, F Boe GOI eee 
Q now cimade ave Domone ws, Seon P’ MB, 
Q’ row ago dBvwoBNe ado d (P, Q) = d(P’, Q') Howom 
9 gegeckien P =f). O—/ O) aeha ss ode 


2) tBd TS) « 
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Thus rigid motion is a bijective or one-one onto mapping 
in which distances between corresponding points are preserved. 


It may be noted that between two sets of points a (1, 1) 
correspondence may be established without preserving distances 
between corresponding points. As an example consider Fig. 2.2 
where AB and A’B are two unequal segments. V is any point 
on the ray 4A produced. Take any two points P and Q 
on AB. The rays Vp and VO produced meet AB in P’ and on 
respectively. It is clear that this construction establishes a 
{1. 1) correspondence between sets of points of AB and A’B 
so that P+ P’, OQ’. But d(P, O)#d(P’, Q’). Therefore this 
correspondence is not a rigid motion. 


Fig. 2.2 


Consider again two unequal segments AB and CD. Pairs 
of points P, Q and P’, Q’ can be so chosen on these segments 
such that d(P, 0) =d (P’, QO’). But this property is not applicable 
to all the points on the two segments. For example we cannot find 


—— vy - 
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> — 
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eectda (1, 1) Bromecssodosy, AQ, MAIS Nowa A, DOAB. 


al PoP’, QoQ. end d(P,Q) #d(P’, 0”. 300d 
& Haomeisoin wom A guosany. 


33, 2.2 


Od: AB 2, CD awy,8 add EAs desraDosnda, 
BoseOn. (P,Q) =4(P, Q’) eAdxos aane sees P,Q 
Bad, P’, Q’ row Wom oon, APD, sOSWRG. VBS Ss Mme 
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Ci on AB such that d(C’, D’)=d(C, D). Therefore 
there is no (1, 1) correspondence between the sets of points of 
4B and CD. Hence this distance-preservation transformation 


is not a rigid motion. 


é 


ss ae ‘4 
Fig. 2.3 


Thus to determine a rigid motion a (1, 1) correspondence and 
distance-preservation property must both be satisfied. If any 
one of them is not satisfied there is no rigid motion between the 
two figures. In this case we write Fay F’ (F is not isometric to 
F’), 


2.4 Theorems on rigid motion 


Theorem 2.1 If AB=CD then there is a rigid motion 
f: AB ->CD such that f(A) = C, f(B) = D. 


Proof AB~= CD, given 
d(A, B) = d(C, D)=a, say 


By the ruler replacement postulate a coordinate system can be 


fitted into AB such that the coordinate of A is 0 and that of B 
is a (a> 0), 


Let P and @Q be two points on AB such that B(APQ) and 
B (PQ8B) are true. Let d(A, P) =x, d (A, Q)=y. It is 
clear that x<y<a, It is possible to choose corresponding 
points P’, Q’ on CD such that d(C, P’)=x, d(C, Q') = y. 


a 


B gvos 20 
sAWS08 C’, D’ Yordnva, mdsdacd mB,Hy. vd oom 


AB ado, CD re Wodoreondd (1,1) Brome adsoo. 
3B 008 & dad-mesoe Sossrs wom A gsodody. 


e of Q’ “ae > 
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2.4 B, Bwosors %, BoeOsoT So 
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f(B) =D ¥ADH0SS f:AB>CD dow note Bguos 
ae. 

m2G8 AB ~ CD, 33, 

- d(A, B)=d(C, D)=a, 20000 
yO DBEFSt BA, 4,32)G,3 0 Feo A od aderstay 0 SAD 
So8oh2. Bod aderssa) a(a>) sAdDRBosoo2 ABR wow 
abreast 3,38 od dy, BHR. a! 030, B(PQB) 
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poP, ged 
and 
d(P, Q)=y—x=4(P’,Q) 
This (1, 1) correspondence, which may be denoted by 


the symbol f: preserves the distance. 
f: AB - CD is a rigid motion. 
Theorem 2.2 If AB mw CD then AB CD. 
Proof Let f: “AB — CD determine the given rigid motion. 
Therefore f represents a (1, 1) correspondence between sets of 


points of AB and CD preserving distances. Hence A@C, 
BoD, d(A, B)=d(C, D). Therefore AB ~ CD. 


Theorem2.3 If {BAC /B'A'C' then ZBAC ww ZB'A'C’ 


Fig. 2.4 
Proof There is a rigid motion between any two rays. Hence 
a 
AB» A'B'; ACRA'C' 
Let these rigid motions be denoted respectively by 


> -—> -_ -—> 
fi: AB—>A'B'; fp: AC>A'C’. 


— T 
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ed.dod AwC, BoD, d(A,B)=d (c, D). oA doz 
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#, S0EOSO 23 ZBAC= ZBA'C 8 =8ABS en 
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A g Cc 
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> > 
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We now define ed correspondence f: ZBAC — ethos Bs: 


as follows: If P € AB then f (P)= f, (P). WPE AC then 
f(P)=hs (P). This is obviously a one-one correspondeiice 


since f, and f, are one-one. We shall now show this correspondence 


preserves distances. 


Let P and Q be any two points on ZBAC and P’. GY 1h 
corresponding points on /B’A'C’. Two cases arise: 


ee ee 


(a) Both the points may lie on the same ray. Let P and @ lie on 


—> -—+ 

AB so that P, Q€ AB. Then f(P)= f, (P)= P’, S(QM=A (Q)=2’. 
— 

Therefore P’ and Q’ lie on A’B’ and P@ P’, OQ’. Since f, isa 

rigid motion d(P, Q) = d(P’, Q’). Therefore 7BAC + /BA'C’. 


(5b) The points may lie one on each of the two rays. Let 

-P € AB and Q EAC, then f(P) = f, (P) = P’ and f (Q) = f2(Q) 
> ond 

=Q’. Therefore P’ and Q’ lie on A’B’ and A’C’ respectively. 
and PP’, Q<Q’. Since f, and fj are rigid motions 
d(A, P)=d(A’, P’)andd(A, Q) = d(A’, Q’). Further it is given 
that m /A=m ZA’. Therefore AAPQ = A A’P’Q’ so that 
d(P, Q)=d(P’, Q’). Hence the correspondence f preserves 
distances. Therefore /BAC = /B'A'C’. 


Theorem 2.4 If LZ BAC & re i Ol then LBAC = RD Wee 


Proof We know AB = AB and AC ©. IC. Let P and 
Q be two points such that P € AB and QO € AC. Let j/.: ZBAC 
> LBA'C’ denote a correspondence such that f (P) = P’ and 


& Guos 22 
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> — 
{(Q)=Q'. Therefore P’ € A’B’andQ’ € A’C’. Obviously / 
is a (1, 1) correspondence. Since 7 BAC mw /B’A'C’. We have 


AP 
AQ ~ AO 
PO =~ PO’ 
Therefore 
AAPO = AA'P'O' 
m/A=m/7/A’ 
LBACR PR AC' 
Theorem2.5 If AK\ABC = AA'B’C’ then ABC 2 AA'B’C', 
where A@ A’, BOB’, CoC”. 
Proof Given 
A ABC = A'B'C' 


_ CA & CA’ (theorem 2.1) 

Let these rigid motions be denoted by 
fi: AB-> AB’ 
Ia: BESS 
f;: CASO” 


, By combining ft, fo, fs we can establish a (1, 1) corres- 
pondence between AABC and AA’B'C’ as follows: 


Sguos 


23 


Howat sg, QEFORO. BA don P’ ce A'B BoB, Q’E AC, 
f wots (1, 1) tromedd adga x8, ZBAC w/BA‘C’ 


VATQHO0s 


ea des AAPQ=A A’P’Q’ 
.mZA=m ZA 
<5/7 BAC = /B'A'C 
B,s2¢039 2.5 A ABC= AAB'C BABS 
A ABC + AA'BIC. @@ ACA. BOB, COC, 


‘ 


moG8 AABC~AABC, BS, 


a ABA 
BC = b’C’ 
CAC A’ 
ABR AD 
BC wy BC 
CA w CA’ (8, aoeod 2.1) 
fy: Ap -'A'B 
j BC > BC 


fa: CA > CA’, B® & SH BwBoSnvay, OBroxo. / 
b . id 

Ada, Rocdarwmace 
sao aoe f nov Wo 
ooFaRWmD. 


en 


ute Ss 


208 AABC m8, AA'B'C' n¥ 
ro (1, 1) Brocmocd#oday, a FeNgod 
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if Pp € AB then {(P) =f, (P) = P’ € A'B’. 
lf P € BC then f(P) =f,(P) = P’ € BC’. 
if P € CA then f(P) =f, (P) = P’ € CA’. 
We shall show that this (1, 1) correspondence f preserves distances 


also. 


(a) Suppose that P, Q lie on one of the sides, say BC. then 
PGCE B’C’. Since these are corresponding points in the 
isometry BC ~ B’C’ we have d(P, Q) = d(P". QO"). 


A A! 


B Q S- 2° al at 
Fig. 2.5 


(6) Next suppose P, Q lie on two different sides of the A ABC. 
say P E AC, Oe BC, then P’ € A’C’ and O'E BC’. 
Here 
d(C, P) = d(C’, P’) 
d(C, Q) = d(C’, Q’) 
mZC=m /C' (data) 
Therefore 
ACPQ = AC'P’Q’ 
Therefore 
d(P, 0) = d(P’; 0) 
Hence the (1, 1) correspondence f also preserves distances. 
Therefore AABC ® AA‘B‘C’. 


Re 
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PEAB VADaTeN {(P)=/, (PY=P’ e A’B’ 
PE BC eAdomn ¢/p) = fa(P) =P’ € BC’ 


PECA eAdaor J (P) = /3(P) = P’ e CA’ 
J 0” Bi !, 1) Romarssor GOONS, WEAR E Qos 
NOT AR) Sr SHOALS, ead, 
(2) P,Q Brvdne woz WowBods SeS—A 8 San 
BC od Soe —98 oor WooAven. en PL eRe. 
BC wBC’ BEsoOsws) sy vwadox Nomneanaoog 
d(P, Q)=d P’, Q’). 


5 Q cB’ 
ws 2.5 


(6) &enVda ds P,Q r¥ AABCOH Ads wed wed 


womene se adwan. PeEeAC,QeEBC wade. Ur 


PEAC 25 0 €BC'. ab dC, P) =dit P), 
d(C, Q=d(C’, QO’), mLZC=mlZC' (23,). oe 
ACPQ ~AC'P'Q’: 85008 d (P, Q=d(P’, Q’). fF eee 
& (1,1) BronadFoh aadnd wad, BB 005 


AABC ~ AA’B'C’. 
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Theorem 2.6 IfA\ABC & AA’ BC’ then \ABC & AA'B'C’ 


The proof of this theorem is left as an exercise to the student. 


Theorem 2.7 If C and C' are two circles such that C~ C 
‘then C x C’. 


P 


Proof Let O, O' be the centres and AB, A'B’ two diameters | 


<e_ 7 
respectively of the two circles. Let AB divide the plane into half- 


planes p,, p, and 4B into halfplanes p,’, p.’. We shall establish 
a (1, 1) correspondence between C, C’ as follows: Let A@— A’ 
and BB’. Take any point Pof C. If P is in the halfplane 
Pp; we take the corresponding point P’ on C’ in the halfplane p,’ 
such that /AOP= /A’O'P’. If P is in the halfplane p, we 
take the corresponding point P’ on C’ in the halfplane p.’ such 
that 7 AOP= /A’'O'P’. This is clearly a (1, 1) correspondence. 
We shall now show that this correspondence preserves distances. 


Let P,Q be any two points on C and P’, Q’ the corresponding 
points on C’. Since 


S. gues 25 


Bmeoo 26 'B'C’ 

J : AABCS AABC ware 
AABC ~ AA’B'D’. “3 

rtate) MG Iwos, NAAR Swe, TaON DSoovgd. 


® Soeosa 2.7 C Sado, C’ ade B3ne. CxC 
VADre CAC’. i 


MEGS O TB, O' Wocoriva v 5 znwv Pod,nee, AB, 
AB nes syarive endo. ABobs AMsOsa, 7,7. UF 
Revgonwen ayenco. wie O38 A’B’ obo AadSORad, p's 
CHFADSONGEN HyONAO. C HB, C’ RYO wowd (1, 1) 
DHowoss sy, Tom) H EYATS AV AMS CS: AGA’ Hd, 
BoB’ eadd. Cos amgare wom vom Porm, sich 
Bod Ses. Poko pi SGFAWMSOSOAS Std wvmdna 
Nom Pd, Cd egran:sy p,’d Ses LACP= /A’O'P’ 
Urosos OAS, e338. P odd p, UOGFAMSOSOS S vad evdna 
Dom P’ &, C3 earxnoso p,’3 Sed ZACP= ZA’O'P’ 
Urovos BOARS (d. aBnoBs (1, 1) BromasF Nowwom 8, 
TODAS.  Bvomessodhs AAdAYg, MVPAT EH aad RY-105) 
Bn Scrdm3, 08. P, Q nw Cod HOH Orgse od@o 
YomongeandO; P’, Q’ ned C’ SeOHS SHINS Yomorvendo. 
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d(O, P) = d(O'", P’) 
d(O, Q)= 4(O', O') 
and 
/POO = LP'O'?' 
we have 
APOO = AP'O'O’ 
d(P, Q)= 4(P’, 0’) 
Cac’ 
Theorem 2.8 If C=C’ then C2C’. 


The proof of this theorem is left as an exercise to the student. 


xercise 2.1 


1 Prove that there is a rigid motion between a pair of 
opposite sides of a rectangle. 


2 S is a set of three non-collinear points. S’ is a set of 
three collinear points. Prove that S s& S’. 


3 Let f: ABC—A’'B'C’ be a rigid motion. [If B (ABC) 
then show that B(A’B’C’). 


4 Let f: ABCD + A’B'C’D' be a rigid motion. If 
E (A,B; C, D) then show that E(4’, B’; C,’ D’). 


3 Prove that there cannot be a rigid motion between a 
segment of a straicht line and an arc of a circle. 


6 If F~ F’ (F is any geometrical figure) show that F  F’ 
and conversely. 


[The congruence of F and F’ establishes a (1, 1) correspon- 
dence between the two sets of points, and (a) the congruence 
of corresponding angles, (b) the congruence of any pair of corres- 
ponding segments. Therefore this (1, 1) correspondence pre- 
serves distances. Hence F & F’.] 


O Bwow on ae 

d(O, P) =d’, P’) 
d(Q, Q=dO’, QA) BB, 
ZPOQ = ZP'O'O wAddeood 
APOQ =AP’0'Q’ 

. dP, Q =deP’, Q) 

Sec 

B,soeoss 2.8 CXC’ wages C=C. 


aac sagdadao, DTYAHEA e250, AaTON WBA. 


ego,% 2.1 


1 wom Voose nodnom Ans Nmoad. ound ss 
3, @wosand Doms AOA. 


2 5S mwdo NTGLVA_BYW Womons neo. S! Sxoovy 
DESMA, DoRony neo. SAzS’ dono WoHa. 

3. ¢: ABC>A’B'C’ wom BBwoS eAdc®. B(ABC) 
BABS sn B(A‘B‘C’) BAB Hos AahHa. 

4 +: ABCD >A’/BC'D’ wom ageod ence. 
E(A, B; C,D) ends on EA, B.C. D’) BABomoms. AoOd. 

5 ors BeMINoB TS, wow 3, 50A Qn? SBD 
wots B,gwor QB) Bo FIG, NYNOC IQA. 

6 FF’ (F WOT 232, D98¢ 08 8B, 3) VNB F2F 
sot HVA. Bad DI HeCmIBoB, AGA. 

|F mo, F’ n¢ ABFADS,D dG VWoBoneony BBs 
wom (1, i) Zo Woes ONS, B30, (a) BRGKH Beeqne 
sr Aas, (b) ssomae e000 BAS SRdLH DoBRE ASF 
devs, ands, A, AD, UG 000 & (1, 1) Bro meres ob: 
BaBneds, CP NEA FIO. - FeF’.] 
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7 Given a rigid motion F = F’. Let A and B be points 
of F and suppose that F contains the segment AB. Show that 
F’ contains the segment A’B’. 

8 Given a rigid motion F » F’. Show that if F is convex 
then so also is F’. 

9 Given any two congruent arcs. Prove that there is a 


tigid motion between them. 


10 Examine whether the transformation JT defined by 
x= X+4, y= Y—5 determines a rigid motion. 


14 Examine whether the transformation R defined by 


A= — ee 
ae 4 
=> oo 


determines a rigid motion. 
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7 FaF Bgeod ozaand. A avo, B domed 
FOS. F, AB deaomodddn,dR0ad 8 F’, AD’ desad0d 
Ba, ¢AV0BS3 Yoda Aor. 


8 FaF’ aon B Guos BS sons. F Mw Nesssong, 6 


FY 8H Ww Nessond Nowa Wegr._ 


9 Amyde dds AdFAR ToAnd AZ meAhaon wy 
AP BAS wow Bewos QB Now AoOp. 

10 x=X+4, y=Y—'S AaNsdconv T nonera 
BT, Ta s,A03,8. T obo wor GPwoacdye Hoey GOSOA. 


>, Caer, * <a 
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-gontdrnd R Sons dos, 5y2d,8. R wow Be 
WORE Dom BOICOA. 


3 GEOMETRICAL TRANSFORMATIONS 


3.1 Plane geometrica! transformations 


We consider here plane geometrical transformations. To 
enable us to study them in the light of rigid motion these trans- 
formations can be broadly divided into three categories—trans- 
lation, rotation and reflection. 


3.2 Translation 


Let f: F—F’ represent a (1, 1) correspondence between 

two geometrical figures F and F’. Therefore if P< P’ then 

=f(P). If the operator f should determine a translation, the 

nature of such a transformation requires that every point P€é F 

and a corresponding point P’e F’ should satisfy the Be 
—_> 


tion PP’ = = AB with respect to a fixed directed line-segment AB. 


—> 
(Note We use the symbol AB here to denote the directed 
segment A to B and not the ray). 


a > 
This means that PP’ and AB should be equal both in mag- 
ged and direction. In this case by moving F in the direction 


a 
AB through a distance AB we obtain F’. Therefore it can be 
seen that in a translation a straight line / becomes another equal 
Straight line /’, a triangle ABC beccmes another congruent triangle 
A'B'C’ and a circle C becomes another congruent circle C’. 


Theorem 3.1. Translation is a rigid motion. 


Proof Let P, @Q F and the’ corresponding points 
P’,Q’€ F’. Let f: F- F’ determine a translation between F and 


3 Waynsexo HOSS Anvw 
3.1 Reso ee, NISEOsa BOSE ARG 

Soy) AO AdISO WD, HIS Edd HOSS AINGSd, BOSCO 
36a. B Aworoy bd, Soh agynva, BBWAA DP BHra 


Qo aQ Adder Inada, Sood. HNponnvon DoNnA@AwmMB 
—2d8RORSF a, YASS HS, 2 SPOR. 


3.2 Rds BONSrd 


F ao2o, F’ dow 2dB—o wd, 08¢039 ee sned sf: F>F 
wows (1, 1) Bowsers, OGPFOAo. BB O00 PoP’ SA 
38 un P’=f(P). f gow ROsdrokn wom) ROG BOnsrs 
oda, asrosuesond, & BOD SF AON 4,3QRB B a0 38 
Soma PEF Re EMCAS Wot P’e F’ Nie, Word Hoes SeMe 


> > > 
DoB AB oso, @oddo, PP’ = AB Now Zowopadwess. (aQ 
2 amotead DUAN A cod B MIR ads acdecets Bea 
— 
Dosw, BWW AID D0, Sdrans, Y Dos Ravoxver). PP 
dads, AB conser shay, nsneddd gods garogaranssossows 
= 

add wg. & xodgrdd FS, AB O8ob@ AB cad BOA 
308 Bra F’ dd, BBO03, 0d. uo 000 g.0@ NO DOBBS 
od 1 axon Rdg3eBoao. | Now BBR OT Arne xovdess 
eros; AABC od 282,09 g3rgno AA'B'C’ 03 Td.3) D9 5 
323d, womds 33, C aan,0e9 Rare 33, C’ eroya. 

3, 3820032 3.1 ace Bonsr aos wows 3 gos 
osmAs. 

mage P, QE F ence; 303d, eer00B ape 
p’ Q’e«F’ ence. £3 F —> F’ dows F Bo3d, F’ nr? BBs AB 
AgopQ wots Ade Bosse doer, VFFOse- en Av 
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Fig. 3.1 


— 
Fin the direction AB. Then by definition of translation / 
is a (1, 1) correspondence. We shall prove that this correspon- 
dence preserves distances. 


d(P, P’) = d(A, B) 
d(Q, Q') = d(A, B) 
d(P, P’) =d(Q, Q’) 


PP' = GQ’ and they are parallel. 


\ by the definition of translation ° 


PP'Q’'Q is a parallelogram. Hence 
d(P, QO) = d(P’ Q’). 


3.3 Rotation 
Let f: F—F’' represent a (1, 1) correspondence between 


two geometrical figures F and F’. Therefore if P< P’ then 
P’'=f(P). If the operator f should determine a rotation, _ the 


29 


28, 3.1 


BOSSr dow T2y 385 O39 BH Fod f wots (1,1) Meowoss wad. 
& BaomorsohD Aadned weacsya dom sn Seedars es. 


3.3 


d(P;.P') = diA, B) | 


. NOY DODSE DOO Bey) 55, 009 063 
d(Q, Q’)=d{(A. B)) 


d 


dP, PJ = d(Q, Q) 
PP’ ~ QQ’ ado, ed AdTI0sdaONS. 


 PP'Q'Q worms AdDAIoTo ws. wana. 


¥G 008 d(P, Q)=diP. Q). 


eMDSFra 


F soo, F’ dow nog WF, SE O09 et end? f:F>F 
wom (1,1) PromesFowns,, V@roao. BG 008 PeP’ 
ends wn P’=f(P). f BoPMor os uo w#ssr sods, 
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nature of such a transformation requires that every point Pe F and 
the corresponding point P’€ F’ should satisfy the relations 
WePAr = 8, AP= AP’. A is called the invariant point for 


p’ 


Mp 
Fig, 3.2 


the rotation. /@ is called the angle of rotation. When 6 = 2m, 
n=0 or n€ I the rotation transforms F into itself. Such a rotation 
is called an identical transformation. When a figure F rotates about 
the invariant point A through an angle @ we get F’. Hence in this 
transformation all the points of F move on the circumferences 
of circles centre A and radii their distances from A. Further 
the arc traced out by each point subtends the same angle @ at A. 


Theorem 3.2 Rotation is a rigid motion. 


Proof Let P, Q € Fand the corresponding points P’, Q'€ F’. 
Let f: F-—>F’ determine a rotation between F and F’. Let A 
be the invariant point and @ the angle of rotation. Then by 
definition of rotation fis a (1, 1) correspondence. We shall prove 
that this correspondence preserves distances. By the definition 
of rotation 


a 
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VHSr soso F @2, F SAE HOSIrAS.S. Bow VAISF Sods, 
WOH NE BOHSFS Dorm Boing es, wor vt a F ays 
Dom A oh WS On ENCTBR, ensrADon F’ 8%, 8 BBO» 
ard. 8, 00 & soxzr goo FQ oy nodsnen A Slow 
TOAD, A Moo VOID YNowon?s cAndneo 3% ae 
3,3,ne = BOOKS Ses wOrAyy. YA 000 H 5 Schsorh DoBospe 
BeDaos Tos A od # SOTHO, € ra 

B BIe032 3.2 SF Sos ~20H2 B BwosowAsz. 

hIGS P,O € F ws, PO Ee F’ wnse; fF: FoF 
Dow F xo3, F nY BBS wow edsr soos, Wrox. 
A 030 es dYomxp, I vasrdoh seedap vADO. Un 
BIS AO I BR, oon f wom (1,1!) Bromesde VAS. 
BH BAIoDIVIFHD BLTNY VAS) Dom SN Boedas (53. 
UDSF SO) 2 é 33,9300 


AP = AP’ 


AQ = AQ 
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m / PAP’ =m ZQAQ' = 6 
m ZPAQ =m ZP'AQ’ (removing m 7 QAP’ from both) 
AAPO = A AP’? 
“ d(P,Q)=d(P’, Q’) 
3.4 Symmetry 
We know that a circle is symmetrical about any diameter. 
An isosceles triangle is symmetrical about the perpendicular 
bisector of its base. In these examples the figures are symme- 
trical about a straight line called the axis of symmetry. Symmetry 
about a straight line / is defined as follows: Sets of points { P} 
and {P’} are symmetrical with respect to / if / bisects perpendicularly 


the segment PP’. 

There can be symmetry with respect to a point also. 
Symmetry with respect to a point is defined as follows: Sets of 
points {P} and {P’} are symmetrical with respect to a point A if 


A is the midpoint of the segment PP’. The point A is called the 
invariant point. It is easy to see that symmetry with respect to 
4, point is a special case of rotation where the angle of rotation 
=n. 

The figure formed by the points P, Q, R, S is rotated about 
Afthrough an angle a and the new figure P’Q’R’S' is_ obtained. 
Here both the figures are symmetrical with respect to the invariant 
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m ZPAP’ =m ZQAQ’ = 6 
“.m ZPAQ=m /P’AQ’ (adBd0R800 m / QAP’ ova, 


BRosoo 
‘ RPO APO Yad sor). 


-. d(P, Q) = d(P’,Q’) 
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point A. We call a rotation through 22 a full rotation and 
through z a half rotation. Therefore if two figures are sym- 
metrical with respect to an invariant point then one can be 
obtained by a half rotation of the other about A. 


3.5. Reflection 


Let f: F—F’ bea (l, 1) correspondence between two 
geometrical figures Fand F’. This correspondence will denote a 
reflection if for sets of points {P} of F and {P’} of F’, / is the per- 
pendicular bisector of the segment PP’. / is called the axis of 
reflection. If P lies on/ then P’=P. Fand F’ are called the 
images or reflections of each other in /. 


Theorem 3.3 Reflection is a rigid motion 


Proof Let P,Q € F and the corresponding points P’, QO’ € F’. 
Let f: F > F’ determine a reflection between F and F’ with respect 
to the axis of reflection /. Then by definition of reflection 
f isa (1, 1) correspondence. We shall prove this corres- 
pondence preserves distances. By the definition of reflection / 
is the perpendicular bisector of the segments PP’ and OO’. Let 
the intersections of / with PP’ and QQ’ be respectively A and B. 
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In the triangles ABP and ABP’, 
AP = AP’ 
AB is common and 
m PAB => =m /P'AB 
AABP =~ AABP’ 
BP = BP’, m {ABP =m Z ABP’ 
7 fn the triangles BPQ and BP’Q’ 
BP ~ BP’ (proved) 
BO = BQ’ (definition of reflection) 
and , 


m ZPBQ =" —m ZABP 


= , —m LZ ABP’ 
= Ie ee 


APBO = AP'BQ’ 
d(P, 0) = d(P’. QO’) 


Note (1) Special cases such as P= P’, 0 #Q'; P=P’, 
Q=(Q’'; P, Q lying on either sides of the axisof reflection should 
be proved by the student. 


- (2) Mathematically symmetry about an axis is reflection 
with respect to that axis. Since reflection is a rigid motion sym- 
metry about an axis is also a rigid motion. 


(3) Symmetry with respect to a point being the same as half- 
rotation about that (invariant) point is a rigid motion. This is 
because rotation is a rigid motion. 


(4) Reflection can be viewed as half-rotation about the axis 
of reflection. | 
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m ZPAB = > =m /P’AB 
. AABP = AABP’ 
. BP = BP’, m ZABP =m / ABP’ 
ABPQ 233, ABP'Q’ nvo 
BP ~ BP’ (=203) 
BQ=BQ’ (5 sg0xe 372,23,) wows, 


m ZPBQ = — —m Z ABP 


=m ZP’BQ’ 
“. APBQ ~ AP’BQ’ 
dP, Q=d(P’, Q) 
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3.6 Chain reflections 


Let F, be a given figure. Let the reflection of Fy with respect 


to an axis of reflection /, be F,. Let the reflection of F, with 
respect to /, be F, and so on. Let this chain be continued and 
let the reflection of F,-, with respect to /, be F,. Thus through 


a chain of n reflections we have transformed F, to F,. 


Since reflection is a rigid motion we may put the above idea 
symbolically as follows: 


Let f,: Fy > F, determine a reflection. 


Let fz: F, > F, determine a reflection. 


@eeaeevoeevevevnever ees ee eeeveeseeeereeseeeneeseess 


Let f,4: fa-1 —, determine a reflection 


By the definition of reflection each of the f’s represents a 
(1, 1) correspondence. Let Pj, Q,€ F,; the corresponding points 
P,, Q,€ F,; the coiresponding points (of P,, Q:) Po Q2€ Fe 
and so on. Let P,,Q0,¢€,be the corresponding points of 
P..., O,1€ F,,. Keflection being a rigid motion preserves 
distances. 


d(Po, Qo ) aa d(P,, Q,), from f, 
d(P,, Q;) — d (Po, Q2), from /, 


seeeeo esse eeer esse seesveveveeeeevee ee ese 


o>. 6 06 9 0-0 S 2 US 6. 8 0 Boe 22) s) + eos été SO 


d(P,_1, Q,-1) = dP, Q,)> from /, 
d(Py, Qo) = d(P,, Q,) 


Further P) @ P,, 0, 2 Q, 


Therefore F, ~ F,, i.e., there is a single rigid motion which 
transforms F, to F,. That is, 


¢: F,—F, is a rigid motion. Thus the product of n re- 
flections is a rigid motion. 
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Note Reflection is a rigid motion but every rigid motion 
is not a reflection. Hence it will not be correct to say that the 
rigid motion ¢: F — F, is a reflection. The conditions for this 
to be a reflection need investigation. 


Theorem 3.4 A set of six coplanar points A, B, C, A’, B, 
‘C’ satisfy the relations E(A, B; A’, B’), E(B, C; B’, C), 
E(C, A;C’, A’). The number of chain reflections that carry 
the points A’, B’,C’ to A,B,C does not exceed three. 


Proof Let us suppose that the given six points are all 


distinct. First, take /,, the perpendicular bisector of AA’ as the 
axis of reflection. Then A’ is reflected to A. Let B, and C, be 
the reflections of B’ and C’. Second, take /], the perpendicular, 


bisector of BB, as the axis of reflection. Since E(A, B; A, B,) 
i, passes through A, Then A is not affected, B, is reflected to 
B. Let C, be the reflection of C,. Third, take /, the perpendicular 


“bisector of CC, as the axis of reflection. Since E(B, C: B, C,). 


<> 
E(A, C; A, C,.), 13 coincides with the line AB. Then A and B 
are not affected but C, is refiected to C. This proves the 
theorem. 


Note (1) If any one pair out of the three pairs of points 
mentioned above were to coincide there would be a reduction of 
one step in our proof. 


(2) Let F and F’ be two congruent polygons whose vertices 
are A, B, C,.... and A’, B’, C’,.... respectively. By repeating 
the construction given above, at the end of the second stage we 
get two congruent polygons ABCDE.... and ABC,D,E,...- 
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By choosing “AB as the axis of reflection ABC,D.£, .... can be 
reflected to ABCDE.... The generalised statement of the theorem 
3.4 is as follows: The maximum number of chain reflections 
that will carry a given polygon to a congruent polygon is three. 


Theorem 3.5 Any rigid motion can be obtained as a product 
of not more than three reflections. 


Proof Let Fr F' be the given rigid motion. Let 
A, B, CéF be any three non-collinear points and A’, B’, C’ € F’ 
be the corresponding points. 


We can move from 4’, B’, C’ to A, B, C by a chain of at most 
three reflections. Since reflection (and so chain reflection) is a 
rigid motion let us suppose that this chain represents the rigid 
motion F’ ~ F”. Now by the constructions of the reflections we 
have A’ =A, B’='B, C’=C, This idea is schematically 
conveyed in the following figure. We shall now show that for 


= SNStrctay 


Fig. 3.6 


every point P € Fwe have P” = P. This will show that F” co- 
incides with F and that the given rigid motion F ~ F’ is identical 
with|the{one determined by the chain of reflections. Consider any 
point P € F, its corresponding point P’€ F’ as determined by the 
rigid motion F ~ F’ and the point P’ e€ F” as determined by the 
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chain of reflections F’ ~ F’. We have already shown above 
A’ =A, B’=8B, C"=C. Since all our relationships are rigid 


motions we have AP" = A'P'~ AP. Similarly BP’ ~ BP and 
CP" ~ CP. 

AABP = AABP* 

ZL BAP = / BAP" 


<7 > ~+ 
If P and P” are on the same side of AB, AP = AP" and since 


AP ~ AP" it follows that P = P’. 


If P and P” lie on opposite sides of AB since PA ~ P"A and 
PB = P’B it follows that A, B lie on the perpendicular bisector 
of PP’. Since PC = P’C, C also lies on this line, which is against 


p 


Fig. 3.7 
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our assumption, namely A, B, C are noncollinear points. 
Hence this case does not arise. Therefore P = P” thus proving 


the theorem. 


3.7 Congruence and rigid motion 


A careful study of the foregoing articles will show that 
congruence and rigid motion are synonyms. That is, if two figures 
are congruent then there is a rigid motion between them and con- 
versely. The question may rightly be asked as to the need for 
the introduction of these new words rigid motion. A further 
careful study of the conditions of congruence between segments, 
angles, triangles, circles, etc., will show that in each case they are 
to be worded separately. or instance, the conditions govern- 
ing the congruence of two circles are entirely different from those 
governing the congruence of two triangles. Can we not rationa- 
lise the condition or conditions of congruence? The answer is 
Rigid Motion. Rigid motion has generalised the concept of con- 
gruence. Rigid motion. is an abstract mathematical concept. 
The two well-known conditions governing the rigid motion bet- 
ween the two given figures not only-cover congruence but also 
translation, rotation, reflection and so on. 


3.8 Analytical Treatment 

Let {P} be the set of points of F and {P’} the set of corrés- 
ponding points of F’. If there is a rigid motion between F and 
#-then P< Pp’ and d(P, O) = dP’, O’). If P. OQ € F have carte- 
sian coordinates (x,, y,) and (x», y.) and the corresponding points 
P’, O'@ F’ have the coordinates (x,’, Vi’), (%2’, Yo") the second con- 
difion amounts to 


(X; — Xg)? + (, — 2)? = (Xy! > XQ")? + (4/ — ya')?. 
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(a) Translation Let the coordinates of a point P be (x, y). 
Let it move pirallel to the axes through a and b and become the 


point O(X. Y). Then Y=x-+a, Y=y+ Bb. 


Fig. 3.8 


These are the equations of translation. Two _ successive 
translations of P along two perpendicular directions takes it to 


-- 
Q. This is the same as the translation of P along PQ through 


PO. Thus the product of two translations is also a translation. 
Conversely any translation of P to Q can be expressed as the 
product of two translations in perpendicular directions. In 
general the product of any number of translations of P (see defini- 
tion in § 3.2) is a single translation. 


Let 7, define the translation of Po (Xo, Yo) to P, (x,, y,) through 
a,, b, parallel to the axes; J, define the translation of P,; (x,, y,) 
to P, (x2, y2) through a, b, parallel to the axes and so on. Let 7, 
define the translation of P,_, (X,-1, Ya-1) to P, (X,, ye). Then 
Fa Xy = Xo ae 
My =\Yt+ 4, 
bg Xg = Xy + ag 


ye=y,t+b, 
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Ye=VYtytboat -...t4, 


These are the equations of a single translation. 


If 7,.T, be the product of two translations 7, and 7, 

(which means carry out the translation 7, first and T, next) then 
T,T,: X,= Xy +a + a, 
Y2=\Yo + 4, + be 


it fr, 2 Is carried out Grst and 7, next the equations are 
‘ ae Xy = Xo + a é , , 
V1 = Yo +52 4 
fess t= Ka 
Yo=Wt+ bh 
ne chee x= % +a ts 
2 Yo=Y+t+bh +b, 


It is clear that T, . I, = T,.T7,. Hence translation” is 
‘commutative. | 


Alternative proof for theorem 3.1 Translation is a rigid 


motion. 


Proof Let P, Q@ € F and the corresponding:points P’, O’€ F’. 
Let f: FF’ determine a translation between F and F’ in the 


siti 
direction AB whose components parallel to the axes are a and b. 
Then by definition of translation f is a (1, 1} correspondence. 
Let the coordinates of P and Q be (x,,‘y;) and (x,, y.) respectively 
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and those of P’, Q' be (x;’, 1’) and (x2, ye’) respectively. Then 
Xi =X +a, Xo = Xa 
Wy =Uut5 vw =Ytb 
d(P, Q) = Vs — ¥)® + O1 — Ya)? 
d(P’, 0’) = V@y — + OY 
It is clear that d(P, Q) = d(P’, Q’) 


(6) Rotation Let P(x, y) revolve round A(a, f), the ine 
variant point, through an angle 8 and become the point Q(X, Y). 


Then 


Fig. 3.8 


=a+trcos(@+ ¢) 

=a-+(x — a)cos 6 — (y — f)sin@ 
Y= £f+rsin(6 + 4) 

= B +(x —a)sin@+ (y — 8) cos 6 


These are the equations of rotation. If the origin is chosen as 
the invariant point these equations 
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‘become 


X =xcos@— ysin@ 


Y = xsin@ + ycos 6 


Let R, define arotation of Po (Xo, yo) to P, (4, y,) through an 


angle 6, about the origin. Let R, define a rotation of P, (x,, yz) 
through an angle @, about the. origin and. so on. Let R, 


define a rotation of P,_,(X,-3, ¥,-y) through an angle 6, about 


the origin. Then 


R, : Ke = Xo cos 6, aes Yo sin 6, 
yy = X, sin 6, + yy. cos 6, 
Rg: X2 =X; 00S 6 — y, sin 4, 


Yo = X, sin 6, + y, COS 6, 


xX, = X,_, cos 0, — y__, sin 0, 


V_ = X,-1 Sin 9, + Yq_y COS O, 


If R,.Ry be the product of R, and R; (in that order) we have 
RyRy? Xg= Xp cos (0, + 8.) — Vo Sin (6, + 62) 
Yo = Xp sin (0, + 95) + yg cos (6, + 4,) 
Proceeding in the same way we can show that 
Ry My Res. Ryko Xo cos (8, + 6,+ ... + 6,) 
— Yo Sin (9, + 6 + ... + 8) 


Ya= Xo Sin (6, + 62+ ... + 8) 
+ Yo COS (4, + A+ ... + 8,) 


Thus the product of a series of rotations about. the same 


invariant point is a rotation about the Same point. The angle 
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of rotation is the sum of the angles of the separate rotations. 
The student should verify that the same property holds good 
when the invariant point is any other point also. 
Again, if R, is carried out first and R, next the equations are 
R,: X, = X COS 9, — yo Sin 4, 
Vy = Xo Sin 0, + Yo COS 9. 
Ry: X_ = X, cos 6, — y, sin 9, 
Yo = X, sin 0, + y, cos 4, 
R,.Ry 2 Xo = Xy cos (6; + 9) — Yo sin (6; + 42) 
Yo = X. sin (8, + 4) + yocos (8, + %) 
R,.R, = Ra. R; 


Therefore rotation is commutative. 


Alternative proof for Theorem 3.2. Rotation is a rigid 
motion. 


Proof Let P, Q, € F and the corresponding points P’, Q’€ F’. 
Let f: F-»>F’ determine a rotation between F and F’. Let A 
be the invariant point (Fig. 3.2) and @ the angle of rotation. 
Then by definition of rotation f is a (1, 1) correspondence. Let 
the coordinates of P and Q be (x,, y,) and (2, ya) respectively and 
those of P’ and Q’ be (x,’, y,') and (x,’, yo’) respectively. Then 


xy" = a + (x, — a) cos 4 — (y, — B) sin 8 


| 


y: = B+ (x — a)sin 6 + (y, — ) cos 8 
X_' = a + (xX, — a) cos 6 — (y, — B) sin 8 
yo = B+ (x, — a) sin 8+ (py. — B) cos 0 


where (a, 8) are the coordinates of A. 
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& essrdoh taedyd 38.08 essrand daednd Sng, é, 
RRWVdoAB. 


QB ,SWoms nade RomaohwaANor ade  notox) 
WB WSOABA AW NowIBsd, Daa, HF O89 HoQrrseso. 


Qa, Rd, SaRo SdseoN Sno® R,d., SdS8eOAdS 
RowoHhA Raoesdeans &Kehs— 


R, ‘ XN => Xo COs A, ==. V6 sin 6, 


Rs Xp =.%1 609 Oy) sin 6, 


I 


xy, sin 4,-+ y; cos 9 
~ RyRi Xs = %p. cos (0: + 04) — Yo sin (8, + 93) 
Yo = Xo “1 (0, + 9%) + Yo cos (0, + 93) 
* BR Re— RRs 
BG 008 BSF WOR RODSFarOMaoNs. 
Bssoeodo 3-28, Bed noma AoQn. wssr soso w%oBo 
gf, ges odswAa. 
noad P,QeF 323d, agdrdaxvoaonds P’, QE F 
enso. f: FOF Dowods F x30, F’ ne dds wom 3,¢ 
Boss, DBFOAS. Aosse ag ,ddodoaend© (233, 3-2) 
Bo3o, 4 egmSF OOo Bpesaondo. Vn BSF OOD 39, 83, O59 
8,708 f wom (i, Ll) Zromese. P as, Q re ader8sned 
(%15 y1) 03d, (Xp. yo) egAd®. eadnBvows poy ne 
aver sone (x1'5 yi’) mo 3d, ere ya’) endd. en, 
xf =at (x,—@) COS §— (Wi — B) sin 6 
yy =P + (x, — 2) sin 6 + (1 — P) cos 4 
x, =4 +(x 2) cos § — (i's — B) sin 6 
ys =8 4. (X5 — %) sin 6 + (Ya — B) COS 6 


a® (a,B), A WoDone adersene, 
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(d(P,Q2))* =Ma- Xo)® + (V1 — Wo)? 
(d(P’,Q’)J® = (%1' — %e')*§ + On’ — ye)? 
= [(*, — X,) cos 6 — (y, — y,) sin 8% 
+ {(x, — x3) sin 8 + (y, — y2) cos 9)? 
= (x, — x)? +0, —- Yo)? 
= [(d(?. Q)}? 


Note. The student should supply a similar proof for Theorem 
3.3. He may conveniently choose the axis of reflection as the 


y-axis. 


Theorem 3.6 The product of translation and rotation is 
not commutative. | e 


Proof Let T indicate the translation and R indicate the 
rotation received by a point P(x, y). Then the product of these 
two transformations in that order is 7.R. If rotation is given 
first and then translation the product is R.T. We shall prove 
that 7.R # R.T. 


Let P receive T first and then R. As aconsequence if P (x, y) 
becomes Q;(x,, ¥;) we have 
TR: x, =a+(x+a—a)cos8—(y+ b— §B)sin 6 
y, = B+(x+a—a)sin9?+ (y+ b— §S)cos 6 
Let P receive R first and then 7. As a consequence if 
P(x, y) becomes Q.(Xe, yz), we have 
RT: Xx» =a+a+(x —a)cos 8 — (yp — £)sin @ 
Ya = b+ 8+ (x —a)sin @ + (y — B)cos @ 


It is clear that Q, #Q, and so TR # RT. 


Note (1) TR=RT only when a=b=0. In this case 
there is no translation; the problem ceases to exist. 
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{d (P, Q)} = (X, — Xs)? + i — 2) 
fa. Q)P = er — aa + OY — ra 
= [(%1 — Xa) cos” — i — Ye) sin 6]? 
+ [(%1 — X) sin 0+ (1 —Ye) COS 6} 
= (x, — Xg)*+ (1 — Ya)? 
= (dP, OP 
ALWS 8, soeod 3:39, ade ‘oesos, §«=— FOBHOHS, 
DT, HF or HeBwes. wWRBeosmeA y 3, Sd, B SPOH, 
aon BOAT LE WIG. 
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RoBe P(x, y) Homan Basins Adv Bossr sos, 
Tob Gagracom, Rw Baws. YR Bose ROnSFS 
Ag RyasOwy SW, T.R ReUumA~Sd. Bad Wd, RSF PWD, 
Zoro M8 »3, R09 DOBSF ows, arn BANG Nooo, 
RT gag. T.R#R.T domo som Bn SaedAr3,¢s. 

PR sac T Sw ms, R ww Bnd. Bayne 
ZOso.osa0N P (x. vy) Wom Qi (5 yi) VoWIsona, 

Rou 4 Her ete —a) cos 6 —(y+b —B) sin 6 
y= P+ +4-9) sin 4 + (y +b— 8) cos 8 

PR sano. RW 303, T oe 2p8030. Bayne po 

spo8aen P(*, Y) 90%) Qe (X25 V2) Domond 
Os xX, a Fo 7 (x — a) COS 9 —(y —B) sin 4 
ye =b+h + (x—4%) sin 6 + (y — B) cos 8 

Q, + Q, Dowdee 2,8 ,a0Ne. eaood TR*# RT. 

gn%ze (1) d= b=0 Boon 3303, TR =RT Sma. 
am soByrag 309 BORSFO QDIVOY 5 8B 000 3B 8, ove 
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(2) The product of translation and rotation (7. R) or rota- 
tion and translation (R.T) is a rigid motion. 
In T.R let P(x, ¥1)@ P’ (%1', yx’) and QO (X2, Yo) @ 
Ox; y's). Then 
x, = a + Ge a — a)cos 9 — (jy + b — B)sin@ 
y,, =PB+Qi5 a —a)sind+(y, + b— f)cos@ 
Mar — a+ (x, +a —a)cos 6 —(y. + b — f)sin# 
ys’ = B+ (x. +a —a)sin 6 + (vy. + b— f)cos@ 
“(d(P, Q)? = (%1 — %2)? + On — 2)" 
[d(P’, Q')}? = (%1' — x2’)? + On’ — y2")? 
= [(x, — x.) cos 86 — (y, — yz) sin 0)? 
+ [(x, — x2) sin 8+ (jy, — ys) cos 6]? 
= (x, — x)? +017)? 
= [d(P, Q)]’ 


The student should work out the case for R.T. 


Worked-out Examples 


1 Find the centre of the central conic represented by 


S = ax? + 2hxy + by? + 2gx+ 2fy+c=0. 


Let (x, y) be the centre. Give a translation to § = 0 so that 
its centre coincides with the origin. Since translation is a rigid 
motion the shape of the curve is not affected. If a point (x, y) 
becomes (X, Y) after translation we have 


xXx=x-—£ 


Y=y—y 
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(2) A8¢ BOdsrs zB Usse3 @dnd roeoon (TR) 


—_ 


ORS? CNsry wa, Ave Kosed agny meow RT 
wom A gwosxayrond, ; 
T.R 8© P(x, Y1) & P'(xy’, 1’) 3d, 
Qs, Ya)  Q’ (ra, ye’) BNBO. Gr 
x =at(x, + 4—a) cos 0 —(y,+5 — B) siné@ 
yy’ = B+(x,+a—a) sind +(¥itb — B) cos 6 
X3 =a + (x,+a — a) cosd— (Ye+6 — £) sin 0 
Ye =B +(x, +a—<a) sin 9 + (y,+b — B) cos 6 
“. [2(P, QP? = (xr — x)? + 1 — yy)? 
[4(P, QD] = (x! — xy’)! +,’ — 
= [ Oy — X_) cos 8 — (y, — y,) sin 0} 
+ [ (% — x2) sin 8 + (y, — y,) cos 0}? 
haa Se) + ee 
= [d(P, Q)}? 
R.Tore 3. Gwos dowdsy, DW OF wo. AWHAVeo. 


MIQAD eva. wdwn gs 


1 S = ax?+ 2hxy + by? + 2gx+2f7+¢=0 Zavaod 
Seod, oh BownG FroB Hs, FoBwAvd. 

(X,Y) SeoB, Tans. S=0od Feod ay Swvvomasysg 
OB, aomwsos wots ASH HOSSrdohom, lessew. Add 
BOn?rd worms B Pwo sasrnd)dooa BoBRG 88,3 58 
aToraVay. Ade? HONSF Aa. Fosd (x, y) Wow (X, Y) 
20 TIA 


47 RIGID MOTION 
The transformed equation is 
aX? + 2hXY + bY* + 2X (ax + hy +g) + 2¥ (hE + by +f) 
+ ak? + 2hky + by*® + 2g% + 2y +c=0 


Since the origin is the centre in this case the coefficients 
of X and Y must separately vanish. 


ary +hy+g=0 
Ar +by+f=0 


. fhf—bg gh—af 
Centre is EH od, he 4 


2 A chain of two reflections carries two given points P, 
Q, to Ps, Os. Find the condition that Py), Q, be carried to P,, Q, 
by one reflection. 


A figure will at once show that the required condition is 


that the perpendicular bisectors of PjP, and O,0. must coincide. 
Choose the first axis of reflection as the y-axis. A suitable x-axis 
can then be selected. Let the coordinates of Py, Q, be (x,, yi), 
(X2, Y2) respectively. If the reflections of these points with respect 
to the y-axis are P,, Q, the coordinates of these points are respec- 
tively (—x,, y,), (—%s, yo). Let the second axis of reflection be 


l: xcos@+ ysin@é=p 


- The reflections of P,, Q, with respect to / are P,, Q,. If their 
coordinates are (Xj, Y,), (X,, Y.) respectively we have *° 


X, = X, cos2 6 — y, sin2 6+ 2pcos 
Y, = x, sin26+ y, cos2 0+ 2psin 6 


with similar expressions for X,, Y,. The required condition is 


that the perpendicular bisectors of P,P, and QoQ should co- 
incide. Therefore 


KL Se 


Xe—Xq Ye— Yo Xa" + ys* =e =F 
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aX? + 2AXY + bY* + 2X (az + Ap +g) + 2Y (hE + by +f) 


+ ax* + 2hXp + by? + 2k + 2fy+c=0 
@Q Meownonsse S08 TONwASdows X ha, Ye 
Ro cosnes B3¢3D0N Bas, Tors evo. 


oX¥ +AP +e =O 

AX + 5p +f=0 
hy — bg gh — af 
< $039) [= Pig < EBS =A 


2 Py, Q, BomAdm, ade SB sHPowesdons P,, Q, 
Wocsnenr PROBS WIS - Py, Qo Wormrds wode 8,8 
BOSAG P,, Q, Nomonvonveraad Qaonosedo? 


woth ws Hw, Yaadd eiewod pods PoP, 03d, 


Q.Q.c vomdymutnds otaeneded. ods sealer. 
SanO8 H IPOMG, DH, y-@, avon BOABeED. SWTVO 
aod wot x-¥9, 5d), wo38, VORDBIA. Po, Q AY QCrae 
nv v, soaen (x), ¥1)) He Yo) GAO. y- US BS, BOZd 
& Bodukd 2, SROSKG Po, Q2 BAG, 3 wae nderveride 
G Moan (—*1, aad —X_) V2) VD. adsso 8 B SPOT, 

hs ta aah 
endo. Me, GOS P,, QA. 3 3 spUsne P,,Q, YAS. BAAP 
adersent Baoan | (X15 eS sas, (Xe, Xa) BABS, 

X, =x, cos 26 — y, sin 29 +2p cos 9 

Y, =, sin 20 + y,cos26 + 2p sin 8 


wrod. Xe, Ya ade 300 ws, 3 nos. P,P, 3, “QQ, aad 
nr¥ Vowd, wWeBsNny DF, sons ab ceais Dodoo 
oo a Mi x +y2 — X?— — Y;? 
a ag on= Sue ag Ie — X,* — — Y;’ 
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On simplification this leads to 


(X12 — X2y;) sin 6 = p(X, — Xa) 


Therefore, twice the area of the triangle formed b; the origin 
and the two given points is equal to the rectangle contained by 
the y-intercept of the (second) axis of reflection and the 
difference of the abscissae of the given points. 


The idea can be generalised as follows: If Ap, By, Co,---- 
are carried to A,, B,, C,,----by a chain of na reflections the 
condition that the points A), Bo, Cy,.... be carried to A,, B,, 
C,,-.-- in one reflection is that the perpendicular bisectors of 


AvA,, BoBs CoC,»- .-. all must coincide. 


3.9 Rigid dynamics and rigid motion 


A doubt may arise as to the similarity or otherwise of 
the motion of a rigid body and rigid motion. In moving a rigid 
body from one position to another the order of precedence of 
translation and rotation is immaterial: any one of these two 
independent motions can take priority, the end-position of the 
rigid body will be the same. In rigid motion TR+ RT. The 
student should perform a practical experiment by moving a plane 
lamina in two possible ways (7 first, R next; and R first, 7 next) 
and understand the significance of this apparent disagreement. 


Exercise 3.1 


1 S$ =ax® + 2hxy + by? + 2gx+ 2gy+c¢=0 is a conic. 
Discuss its nature by the application of the concept of rigid 
motion. 


2 Show that a rigid motion as defined by a translation or 
a rotation or the product of the two (TR or RT) does not affect 
the angles between two intersecting straight lines. 
3 Show that the transformation 
X=ax+by+c, 
Y= —bx+aytoe, att b=] 
determines a rigid motion. 


ae ee eee eee 


BS gwod 48 


BBS, AVPBOARS (x, Yo — Xgy,) sin @ = 


=p (x, — X2) 

BO. BoB MNoOwWons NIB, BB. Womoned desxow S 3 BKIB 
Bes, Zon NOBIRd, aseeod x Q SPOT, 3 ) Agena WoZd, 
BS, Worn? x- ndtrdere SRN AX) seize VOosa Fes 

s 8 -4N 5-5) 
POT, ADMWVSAG. 


5 won daoga, FDWIOOs CTONVB OD : As, Boy Carer ae 


Wosongs., 2 SB SPoMoNdosd Az, Bn, Cay ea eRenen 
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DOseOWRMR, 3. Gdx,d8 VosmMAIT wode GADD. B 8 
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4 Let the two rigid motions M, and M, be defined as 
follows: 
M,: X¥=ax+ by+c 
—- —bxtaytea, at+h=) 
M,: X.=aX+HY+d, 
Y’= —b'X+a'Y + d,, a’?+p'%=1 
Prove that M,M, and M,M, are rigid motions. Show further 
that M,M.+ M,.M,. 
5 7 Let the following n equations determine n rigid motions: 
R,: X= x cosa, — ysina, 
y, = XSina, + ycosa, 
Ry: Xg = X, COS ag — y; Sina, 
yz = X, SiNayg + y, COS a, 
Rg: X3 = X_COS as — J» SiN ay 
ys = X.SiNa, + y. cosa, 


- Cue ges 2/5 © e's 8 « £'O em Sk © 


4.:0h > 2 9: ao, 0 @ ly bp eae 


R,: X, = X,-1 COS a, — y,_; Sin a, 
Y, = X,-; 3in a, + y,_, COS a, 
Find R,Ro.... R, and show that it is also a rigid motion. in 
particular show R,R, = R.R,. Interpret the result. 


6 In any rigid motion affecting three points (x, }»,), 
(Xs, Yo), (X3, Ys) show that 


xy Vi ] 
Xo yy .l 
| Xz; yz 1 


is an invariant. Interpret it geometrically. 
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—— Se PO RENE), ar eeneae 
My: X=ax+by +c, 
Y=—bx+ay+e, ai+b?=1 
M,: X’=a’X+b'Y +d, 
Y= —bX+aYta,, at+b?=: | 
M,M, S033, M,M, B gwosnvons WOON. wos, MiM,+ M,M, 
Dom Seeor. 
S & S8Ad nm AResscons n Bawosnyey, DGroxO. 
R, : = xcosa, —ysina, 
yy = Xsinag, + ycos a, 
Ra: Xg= X, COS c, — y, ‘ing, 
Y_ = X, Sin ay + Jy COSA, 
Rg i X_ = XgCoS ag — yg Sin ay 
Ys = Xq SiN Gg + y,cOSay 
Rai Xn = Xn 1698 En — Yn SIN Gp, 
Vu = Xn Sitien + Yn1 605 A, 
RiR.Rs.---Ra oy, PoB.wBOd. BAW AD Bguod 
pot meQmy RiRg= RRs noms &ae0N Sod, Ad VAraw, 
DAHON. 


6 (%1,%)s (x2, ¥a)> (X%g, Ys) PO’ Fspucles) Yomon¥so, Bos 
sinsde dddososg [An | 
Xy Ya 1 
Xp Je. I 
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7 Find the centre and lengths of the axes of 
(a) 8x* — 4xy + Sy? — 16x — 14y+17=0 
(b) 8x? + 12xy — By? + 12x+4y4+3=0 


8 If a rigid motion R is defined by 


Ri aS 
a= Sage 
Bo i 
Y= 7 * +5 


tind the values of R*, R® and interpret their meaning. 


9 Let 


oe ey 5 


My: A tae 5 


Ax. 3y 
Y= 5 “+ ry + 1 | 
determine a rigid motion. Find out two rotations (about the 
origin) R and R’ and two translations T and 7” such that 
Ri = TR or 


| Let 


R: x, =xcosa— ysina 
y; = xsina+ ycosa 
-and 
1}. X= ae +8 
Y=y,+56 
RT: X¥ = xcosa— ysina+a 
Y=xsina+ ypcosa+h 
This is identical with M. 
- — S = a : es : BE ete. 
{0 Show that in a rigid motion the relationship 
x7 + yy" + 2gxy + 2fy, + ¢ 
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(b) 8x? -+ 12xy — By? + 12x + 4y + 3 =0 
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between any point (x,, »,) and a circle 
x2 + y?+ 29. + 2fy+c=0 
is an invariant. Interpret the meaning geometrically. 
11 Find the condition that a transformation defined by 
K=a,x+ by +¢, 
Y= a,x + hy + ce 
may determine a rigid motion. 


12 With the notations and explanations stated in the worked- 
out example number 2 on page 47, prove the following: 
(a) The three axes of reflection (viz., the y-axis, 


xcos@+ ysin@?=p and the perpendicular bisector of PoP 
and the joins of P »,Q,; P;,Q,; Ps, Q2 concur at the circum- 
centre of either of the triangles P,P,P:;, Q,0,Q.. Give a 
geometrical meaning to this. The circumcentre is (0, p cosec @) 
and the circumradii are 


x, d (Po, Qo) Xo d(Po, Q,) 


xX; res Xs ; x ime Xe 
respectively. Why are these circumradii proportional to x,: x,? 
<--> <-> 
(b) If a, 8 be the inclinations of Pp>Q,, P,Q, then 8 —a = 26. 
A rotation of P)Q, about the circumcentre through an angle 20 
brings it into the position P,Q). 


(c) If a set of m points Po, Q, Ry, °-* satisfy the conditions 
of the problem then they are collinear. Hence if n points after 
a chain of two reflections are such that they can be reflected by 
one reflection to the final positions then they are collinear. 


(d) If P,, Q. are carried to Ps, Q, by a third reflection in the 
axis 


xcos¢ + ysing=q 
the condition that Py, Q, be carried to Ps, Q, in one reflection is 
(x, — ¥2)(p cos¢ — qos 8) = (y; — ys) (p sind—g sin @) 
. . . —— 
If y be the inclination of P,Q, then 


a+y=2(¢— 89). 


a a a Ee 
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Xy° + y+ 28% + 2f. +e dow Aowog 
: O38 DaoABodorh TO». 
and Bd, DoS ead Var sea ? ’ : 
11 X=S=yax+tbhyte, 
Y=ax+bgy + Cs 
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> ~<€<5 
(6) PoQo, P2Q, ANY werone a, B BABS B—a=26, 


P,Q doar, BOG(0G,B Ag, 20 FaeWday, essen P.Qz m8 
Recwmd. 

(c) n DoBNRS woBo nea s Hada X, O89 VOHAINGS, DOA 
33 es NTCDA TONdA a. BB 008, n Worhnw add 
B apes DIODOOION Bowes AD, SASSY, wOBe HD SPOPO0G 
BAoMHMVBo FOG, TBS ay) DEOLDA sans. 

(d) x cosP+ysind=q Now mwddo B SPOMT HH, 
GOS P,, Q, WoDNvd Pz, Q, WomoNyesd, Py, Q, Womans 
woe BIPOTHOD Ps, Qs ABSA, TDOTO VHB. Tao 
Doda (x, — x2) (p cosd — qcos 9) =(y, — yg) (psin ¢ — gsin 8). 


P,Q, wer y BABB en aty=—2(¢—8). 


09 a3. 


52 RIGID MOTION 


If a set of n points Po, Qo, Ro,..++, Satisfy the conditions of this 
problem then they are collinear. 


13 A given point P(x, y) rotates about another given point 
A(a, 8) through an angle @ and attains the position Q(X, Y). 
Prove that 


i] 
(a2) 202=x+X¥4+( — Y) cot 5 


28 = —(x— X)cots+y+ + 


(b) 2a(x + X) + 28(y — Y) = OP? — OQ? 
where O is the origin. 


14 p indicates a reflection and 7 a translation. Prove 
that p T and 7 p are rigid mtions. Prove further that p 7 
is not commutative. 


15 pT transforns a geometrical figure {P} to {P,} while 
T p transforms {P} to {P,}. Show that the axis of reflection 


<> a 
is perpendicular to the lines P,P,. Show further that P,Q, 
is either parallel to P.O, and in this case pairs of corresponding 
sides of the two figures are parallel to one another; or not 
parallel and in this case the two figures are the reflections of 


one another on an axis which is parallel to the (original) axis 
of reflection. (It may be added that in the former case the 


+> 
lines P,P, are also parallel to one another.) 


BS guos 52 


Po, Qo, Ros. --- ROWN WoBsnNne Neo S& ABR, os Q od0 a0 
AYR, TIOABS Y Wowonvo ODA TONY, 


13 P(x, y) Dow Wom A (a, B) WoBodas AS, 9 PACTGRd, 
esdrh Q(X, Y) AW THR, BNOBIVB.. GN 


6 
(a) 2a=x+X+()— Y) cot > 


0 
2B=—(x—X)cot> +y+¥ 


(b) 2a(x + X) + 28(»y— Y) = OP? — OQ’ 20>. AWeOh. 
(O Savorvond). 

14 pruor B SPOTTY, Troms add xddsrdohan, 
Rewards. pT ws, Tp B BBOSNGoss WOON. pT ovo 
BONSFaeohaynoase BsmeOn. 

15 pT ®&x»o wom 25a, 093¢ O89 BBs {P} ood, {Pi} OA 
BORIFRBS, Ted {P} odd, {P,} en BOBIFDY. H,8 


BOS, D) PP, ROPBeBNIR WowsyrenBosvoG) AoHa. P,Q, 


WOBNE P.Q,8 GRADS oTIABone, Roar ag QSoBo 

BB, 8ne Vwdaw wewoovo7,! nv or 33 ZarAoosIaohs 
Soin: we Ave, asso okane es RoByraD ASdBo 
VT INVL DOA 30 Fs 3, SPOS OTR, Ane BD SPON,D 
( 32830) 3 3B0aR%, 3; Ran anosdarendooas Beda. 


(Aados xodvirdQ PP, Adveairsy sdg,0 sarees 
aeons. ) 


~ 


xe ns 


10 
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ANSWERS 
EXERCISE 1.1 


(a) Common point. (5) Angle between the lines. 


yay Pa Pe NO 
5SX* — 6XY + 5Y2—8 =0 
25Y* + 100X — 60¥ — 124=0 


EXERCISE 1.2 


Yes 2 No 3°. Yes 


Injective 9 Surjective 10 


EXERCISE 2] 


Yes 11 Yes 


EXERCISE 3.1 - 


a,* +a? = 5,7 + b,? = I 
ay —- b, 


a, = — b, 


Bijective 
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